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Abstract

With the growing availability of computer power it
has become routine to perform exhaustive multi-
dimensional searches in protein crystallography.
Specifically, in cases where homologous or partially
homologous structures are available, the initial inter-
pretation of poor electron density maps is done by
performing computer-intensive rotational and trans-
lational searches in real space. Often such calcula-
tions of the best fit between structure and map can-
not even be attempted owing to the vast computing
effort involved (years of MicroVAX II time). Here,
the combinatorial optimization method, simulated
annealing, is shown to reduce substantially the com-
puting effort involved and also to permit computa-
tions that are beyond the reach of current algorithms.
This is illustrated with practical examples involving
the structure determinations of the human histo-
compatibility antigen HLA-A2 and an influenza virus
hemagglutinin-sialic acid complex.

1. Introduction

In cases where poor and not-readily interpretable
electron density (e.d.) maps of protein structures are
available, it has become common to perform real-
space rotation and translation searches using
homologous or partially homologous protein struc-
tures as search objects against the available map
(Huber, 1965; Colman & Webster, 1985; Reynolds,
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Remington, Weaver, Fisher, Anderson, Ammon &
Matthews, 1985). These exhaustive searches in gen-
eral require large amounts of computer time and often
such searches cannot be attempted for this reason.
However, when attempted they typically require on
the order of hundreds of MicroVAX 11 c.p.u. hours
(Colman & Webster, 1985; Reynolds et al., 1985) ( NB
a Cray I is on the order of 100 times faster than a
MicroVAX II). Even in these cases it may be
necessary to approximate the search object to the
a-carbon backbone alone. Such exhaustive calcula-
tions ascertain the best-fit six-dimensional orientation
of the search object in the map. However, depending
on the appropriateness of the structural homologue
and the ‘noise’ level of the map, the optimal solution
may not necessarily correspond to the true solution
of the crystallographic problem. Nonetheless, the cor-
rect solution is always found to be among the better
solutions to the search procedure. In short, the prob-
lem is that of using the least-approximate search
object and to obtain a list of good solutions to the
search problem while minimizing the amount of com-
puter effort.

The complex optimization technique of simulated
annealing (also known as the Metropolis algorithm)
is shown in this paper to have these desired qualities
(Metropolis, Rosenbluth, Rosenbluth, Teller & Tel-
ler, 1953). This method, which is a variant of the
Monte Carlo method, has been applied in recent years
with much success to large optimization problems
ranging from spin-glass theory in solid-state physics
to the classic travelling salesman problem of com-
puter science (Van Hemmen & Morgenstern, 1983;
Kirkpatrick, Gelatt & Vecchi, 1983). It has also
recently been found to be an effective tool in the
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crystallographic refinement of macromolecular struc-
tures (Brunger, Kuriyan & Karplus, 1987). However,
while the algorithm guarantees the generation of a
list of very good solutions in very significantly reduced
times, owing to the nature of these problems one
cannot be certain that the global optimum has been
found.

In the context of the crystallographic search prob-
lem this uncertainty has not been found to be a
difficulty in practice. In the two examples considered
in this paper, the optimum in either case was arrived
at in a relatively short time. The first case deals with
the most objective positioning of a 21-atom sialic acid
model in the receptor binding site of the influenza
virus hemagglutinin-sialic acid complex electron
density map (Weis, Brown, Cusack, Paulson, Skehel
& Wiley, 1988). The six-dimensional exhaustive rigid-
body rotational and translational search against a
map at 2-9 A took approximately 6-5 MicroVAX 11
c.p.u. hours. Of the 67 good solutions in the top 2o
range, most were attained by the simulated annealing
protocol in approximately 25-fold less time. The four
top 1o best solutions were all found. The second
problem involved the placement of a partially built
HLA-A2 model with 87 atoms in an electron density
map obtained from a crystal form different from that
in which the model was originally built (Bjorkman,
Saper, Samraoui, Bennett, Strominger & Wiley, 1987).
Here, where a thorough exhaustive search would have
been impossible with current computing resources,
the annealing protocol proved to be approximately
88 000-fold faster. This example serves to illustrate
another property of the simulated annealing protocol:
the relative scaling between computer effort and size
of the tackled problem is less than linear. Thus this
approach to the crystallographic search problem
affords the possibility of overcoming more complex
problems.

Finally it is worth noting that this approach deals
with a stage that naturally precedes the crystallo-
graphic refinement stage of any X-ray structure deter-
mination. Therefore it is highly complementary to the
recent developments in crystallographic refinement
that also employ simulated annealing (Brunger et al.,
1987).

2. The Metropolis algorithm — simulated annealing

Given a vast solution for a quantiy E(x) that requires
minimization (or maximization) over the range of
variable x, the simulated annealing protocol proceeds
along the following steps.

(a) A random start point x, is chosen and E(x,)
is computed.

(b) A single small displacement Ax is made and
E(xo+ Ax) is evaluated.

(¢) AE = E(x,+4x)— E(x,) is computed.
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(i) If AE is negative or equal to 0, the new value
of x is accepted, x, is replaced by x,+ Ax and the
process returns to step (b) for another cycle.

(ii) If AE =0 a random number r lying between
0 and 1 is generated.

If r<exp—(4E/T), the new value of x is
accepted, x, is replaced by x,+ Ax and the process
returns to step (b) for another cycle.

If r>exp—(4E/T), the new value of x is
rejected and the process returns to step (b) for
another cycle with x, unaltered.

The cycle outlined above is controlled by the par-
ameter T. The value of T governs the probability of
accepting displacements, Ax, that in the short run do
not decrease E. At the outset of the annealing pro-
cedure, T is set to be very much greater than the
typical AE’s. A large T allows nearly all random
displacements to be accepted with little regard to the
primary objective of reducing E. However, after a
fized number, I, of passes through step (b), the value
of T is reduced by some factor - typically T,., =
gT.4, where g is some fraction between 0 and 1 like
0-9. Then another I, cycles are attempted at this new
T. These sets of I. cycles at decreasing values of T
are repeated until T becomes much smaller than the
AE’s encountered. Under this condition, the pro-
cedure is guaranteed to reach a value of x that is
stable over iterations on the order of I.. In the limit
of I. tending to infinity, this value of x corresponds
to the global minimum. Otherwise it corresponds to
some minimum, very likely a local minimum.

Thus, in a physical sense, T can be viewed as a
kind of remperature. Hence, the annealing proceeds
as successive rounds of equilibration at decreasing
temperatures. The primary reason for the success of
the scheme is its built-in ability to move in unfavour-
able directions in the short run. This overcomes the
difficulty of being trapped in the nearest local
minimum. In practice, it is worthwhile keeping a list
of the good solutions encountered along the anneal-
ing path. Estimates of the goodness of solutions can
be pre-determined by performing a very coarse
exhaustive search to obtain approximate values for
the mean (E) and the standard deviation oy of the
solution space. This list of solutions can later be
minimized independently to their respective nearest
minima and these can be included in the final set of
good solutions.

The parameters of the annealing protocol are
largely determined empirically and are characteristic
of the general topology of the particular solution
space. However, in theory, there is a lower bound on
the value of I.. The expected distance traversed by a
random walk of I, steps in an I-dimensional grid is
of order (I./1)'/? (Van Kampen, 1981). Thus, to give
the annealing scheme an optimal chance of equilibrat-
ing at any temperature, the number of annealing steps,
1., must be such that (I./1)/? is greater than half the
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longest edge of the search space. Further, the value
of T, can be selected by empirically determining
typical AE’s and arranging for T, to be greater than
this. g, which governs the rate of cooling, has been
shown empirically to give consistently good results
in a wide range of problems when lying between 0-9
and 1-0 (Kirkpatrick et al., 1983). All these parameters
- T,, g and the ratio by which (I./1)"/? exceeds the
longest edge of the search space - are largely deter-
mined by the nature of the solution space and con-
sequently by the type of problem that generates this
space. Hence, when once determined for a given type
of problem, for instance the search problem of crystal-
lography, these parameters are expected to remain
relatively constant.

3. The crystallographic search problem

The problem is a general one of placing a rigid
molecular structure in an electron density map in the
most objective fashion. There are a number of
different types of such problems in protein crystal-
lography. One particular instance is the placement of
small substrate (or equally well an inhibitor) struc-
tures in poor e.d. maps of protein binding sites.
Another case is when homologue structures are used
in the initial location of new protein structures within
the unit cell of poor e.d. maps. The location of a
known structure within a poor e.d. map from a
different space group is yet another variant.

The size, C, of all such search problems is deter-
mined by the following parameters.

(a) The dimensions of the e.d. map to be searched
- a, b and c. Often this is no more than the asymmetric
unit.

(b) The resolution of the available map, k.

(¢) The number of atoms in the search object, n.

Ideally, a complete six-dimensional search would
involve an inner exhaustive translational search for
every rotational setting. At each such configuration
of the search object some measure of the quality of
fit has to be calculated. Given the limited computer
resources available, this measure is often simply the
sum of the electron density at each of the n atomic
locations, for any given configuration of the search
object,

n

E=7Y (e.d.atatom i).
i=1
Each such determination of electron density corre-
sponding to a single atom can be viewed as a basic
computational operation (b.c.o.). The size of the crys-
tallographic search problem, C, can be estimated in
terms of the number of b.c.o. required.

(1) Using the standard 1/3 resolution criterion for
interpolation, the number of translational configur-
ations is

T=(abc)(k/3)>.
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(2) With reference to Fig. 1, the number of rota-
tional configurations is

W= (277/A0|)(27T/492)(7T/A93)
~Labc(37/k) .

(3) Therefore, the size of the crystallographic
search problem is

C = nTW =1nz*(abc)*(3/ k)5

4, Implementation of protocol

The particular implementation of the simulated
annealing protocol for the crystallographic search
problem is outlined in detail in the accompanying
flow diagram (Fig. 2). The one obvious difference is
that the quantity E,. 0,0,= .-, (¢.d. at atom i) is
maximized rather than minimized. Therefore AE is
assumed to be AE = —(E, .. — Eoq)- All rotations in
the three Euler coordinates 6,, 6, and 65 are done
about the origin of the e.d. map prior to translation
to the search configuration considered. In all cases,
a very coarse search (C=nx10° was conducted
beforehand to estimate both the mean, (E), and the
standard deviation, o, of the solution space. Prior
experience with exhaustive searches suggested 3o
as a reasonable lower cutoff for the assessment of the
goodness of any candidate solution. Accordingly all
such solutions encountered along the annealing path
were recorded.

This particular implementation of the general
annealing protocol described earlier involves some
modification in the parameter I.. At each value of T
at most I, steps were allowed. Since all steps result
in either the new configuration being accepted or
rejected, the sum of the number of acceptances, I,,
and the number of rejections, I,, must equal I.. When
I, exceeded some pre-set value I, (arranged to be
less than I;), T was decreased and the next round
of equilibration was initiated. Such equilibration
rounds, where I, was reached before I,, were deemed

[ ] [ ] [ ] [ ] [ ]
[ ]
1 grid unit
[ ]
[ ] [ [ ] [ ] e

Fig. 1. Given a resolution k and using the standard } resolution
criterion for the choice of grid spacing of an electron density
map, the arc length=ré formula can be used to estimate the
required angular interval A8, for a real-space rotational search.
With a the length of an edge of the map to be searched,
(a/2)A6, =1 grid unit = k/3 implies that the number of intervals
for a complete search of 27 rad=3ma/k.
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cooling cycles. Conversely, when I, steps were com-
pleted without obtaining I, acceptances a freezing
cycle was said to have occurred. Three consecutive
cycles of freezing were required for termination of
the annealing protocol. The optimal ratio of I, to I,
was empirically determined to be 2. Similarly, the
optimal values for g and T, were found to be in the
range 0-98-0-99 and 2-30¢ respectively.

Once the annealing was complete, both the conver-
ged solution and the list of good solutions (i.e.> 30g)
were independently minimized by a standard least-
squares minimization procedure to their nearest local
minima. These minima were all confirmed to be truly
independent minima and duplicate minima were
dropped from the list. This pruned list was accepted
as the desired collection of best solutions for any
given random start.

5. Experiment 1
(a) Problem

The structure of the bromelain-related influenza
virus hemagglutinin protein was solved to 3-0 A resol-

Random
number
qenerator
Initial Small
search random
object shift-Ax
Record Compute
— | good fits En 8 if '0“1
E> Eg IAE=Eq-Ep 8
le <1
if accepted! c=2
Il [€07En
Metropalis a
test- 1= 1+ Ig=lgtly
eBE/Tn
If rejected
Eo= Eq
Decreose i H =1
Temper Cooling I 1p= 1y
-ature cycle
TngTo
Initig!
Temper —T I iy <tp
-ature
_ Freezing If lg= 12
lg=lete cycle
i I If 2 I2
Converged Terminate
be;t anneating
solution
Minimize Discard "Hills' List of
to nearest identical between good p—= Stop
minimum solutions all pairsd solutions|

Fig. 2. A flow diagram illustrating the particular implementation
of the simulated annealing protocol for the real-space search
problem of crystallography. All variable and parameter names
are as described in the text. The inputs to the program include
initial values for the various parameters (e.g. g, Ty, I, I;), the
coordinates of the search model and a suitably large search map.

THE SEARCH PROBLEM OF PROTEIN CRYSTALLOGRAPHY

Table 1. The results of an exhaustive six-dimensional
search of a sialic acid model against an influenza
hemagglutinin-sialic acid complex e.d. map compared
with those from a number of simulated annealing trails

The number of good solutions to the exhaustive search lying in
the top 1, 1-5 and 2 o ranges are presented in the first row. The
results of the five different random trials are presented in the same
ranges. (These are also expressed as percentages of the exhaustive
search results.) The same data from the five trials are also presented
cumulatively.

Number of peaks

Top 1-00 Top 1-5¢0 Top 2:0c

Exhaustive 4(100%) 26 (100%) 67 (100% )
Random trial 1 2 (50%) 7 (27%) 17 (25%)
Random trial 2 2 (50%) 7 (27%) 14 (21%)
Random trial 3 0 (0%) 6 (23%) 12 (18%)
Random trial 4 2 (50%) 9 (35%) 19 (28%)
Random trial 5 0 (0%) 3 (12%) 12 (18%)
Cumulative (1-2) 4(100%) 13 (50%) 29 (43%)
Cumulative (1-3) 4(100%) 17 (65%) 36 (54%)
Cumulative (1-4) 4(100%) 21 (81%) 45 (67%)
Cumulative (1-5) 4(100%) 22 (85%) 50 (75%)

ution by Wilson, Skehel & Wiley (1981). This gly-
coprotein, a trimer of 503 x3 amino acids Linds to
sialic-acid-containing receptors. The crystal structure
of a 21-atom sialic acid-hemagglutinin complex has
been recently solved to 2:9 A (Weis er al.,, 1988). The
placement of the sugar in the binding-site elec-
tron density was confirmed by performing a six-
dimensional rigid-body search. Here, while the P4,
asymmetric unit is 163-2x163-2x177-4 A, the por-
tion of the map that adequately includes the receptor
binding site is much smaller - 13-53 x 10-63 x 1353 A.
Accordingly, the parameters of the problem were:
a=14, b=11, c¢=14, k=29, n=21 and C=
6-1x10°b.c.o. This search required 6-5h of c.p.u.
time on a MicroVAX II. There were four good sol-
utions in the top o of the distribution. In the top 2o
range there were 67 independent good solutions. Of
these solutions, the top solution happened also to
make the most chemical sense. However, in principle
this correspondence between the objective best fit and
the chemically correct solution need not occur. This
solution has since been confirmed by crystallographic
refinement and NMR (Weis er al., 1988).

To what extent can simulated annealing reproduce
these results? How much faster will simulated anneal-
ing achieve this?

(b) Results

Table 1 presents the results of five consecutive trials
of the annealing protocol starting from five different
random positions. The parameters used were (E)=
0-0, 0 =7-5,2=098, T,=20g, I,=10000, I, =21,.
The cumulative success of obtaining the pool of good
solutions, as ascertained by the exhaustive search
above, is indicated in fractional form. Each trial took
approximately 3 c.p.u.min on the MicroVAX II.
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Within two trials, the top 1o peaks were attained.
After five trials, approximately 75% of all the top 67
20 peaks were obtained. Thus,, in this case, the top
o solutions were generated with some 80-fold reduc-
tion in computer time. For lesser peaks, top 2o,
savings were more on the order of 25-fold.

6. Experiment 2
(a) Problem

The crystal structure of HLA-A2 has been recently
determined to 3-5 A resolution (Bjorkman et al,
1987). The structure was obtained after averaging e.d.
maps from two space groups, monoclinic P2, and
orthorhombic P2,2,2,. The initial orientation was
established in the monoclinic form by two indepen-
dent methods. The relatively poor map was traced by
eye, while concurrently an exhaustive computer
search was performed using the 101 a-carbon loca-
tions of the homologous immunoglobulin constant
region (ie. Cy; from human Fc was expected on
grounds of sequence similarity to have the same fold
as the B,-microglobulin domain of HLA-A2) (Bjork-
man et al., 1987). The same trace was confirmed.
Following this, the relative orientation of the partially
traced P2, model was sought in the P2,2,2, e.d. map.
Packing considerations that suggested a possible rela-
tive orientation failed to give clear results. Thereafter
an exhaustive search based on a fortuitous choice of
a coarse grid using a model of 89 a-carbon atoms
resulted in the unambiguous discovery of this relative
orientation (Bjorkman, personal communication).
This search was conducted on a very coarse grid
spacing of 3A and required approximately 150
MicroVAX II c.p.u. h. However, a grid spacing of at
least 1 A would certainly have been necessary if the
model had not been in a favourable location relative
to the coarse grid spacing used. Such a search could
not have been contemplated as estimates of the
required MicroVAX II processor time would have
been on the order of 18 years. The parameters of this
hypothetical 18-year search are a =60, b =40, ¢ = 60,
k=3, n=89 and C =2-9x10"b.c.o.

Can simulated annealing address this problem? If
so, then how effectively?

(b) Results

Five trials were attempted from five different ran-
dom positions, with the following parameters: (E)=
0-0,0r=32-5,2=0-98, Ty=30g, [,=25000and I, =
21, (Table 2). In all cases the optimum, at 10g, corre-
sponding to the true (crystal-packing) solution was
attained in approximately 4 h on the MicroVAX II.
Other good solutions were found. However, since the
exhaustive search cannot be performed in practice,
no assessment of the relative success in attaining these
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Table 2. The results of a six-dimensional simulated

annealing search of a partially built HLA-A2 model of

89 a-C atoms against an e.d. map of the complete
protein in space group P2,2,2,

An exhaustive search to find the top peak at 100 would have
taken some 18 years of MicroVAX II c.p.u. time. Five simulated
annealing searches from five different random starting points all
converged on the correct/top solution. Each trial took some 4 h
of MicroVAX II c.p.u. time and found on the order of 100 good
peaks above 60.

Number of peaks Includes
above 60 correct/top peak?
Random trial 1 65 Yes
Random trial 2 87 Yes
Random trial 3 126 Yes
Random trial 4 96 Yes
Random trial 5 110 Yes

can be made. These results nominally suggest a
88 000-fold increase in speed.

7. Concluding remarks

The application of the simulated annealing procedure
to the crystallographic search problem results in pro-
ducing a list of good solutions in much reduced time
scales. In a real application where the exhaustive
search can itself be performed it finds a major propor-
tion of all good solutions that may be suitable candi-
dates for the true fit. Moreover, this list includes the
best fit. It is not surprising that substantial savings,
on the order of 88 000 fold, accompany the applica-
tion of this protocol. It is a fundamental property of
simulated annealing that, as the size of the problem
grows, the time required for annealing scales in a
manner much less than linear. Perhaps, more impor-
tant than this sheer improvement in speed, is the
possibility of conducting searches that were pre-
viously impossible. Since the protocol is completely
general, we expect this method to be as effective in
reciprocal space. Accordingly, work is under way in
assessing the suitability of this method in addressing
the molecular replacement problem of protein crystal-
lography. [The program, which is written in Fortran
77,is available in its present form upon request. Please
address such requests to SS via Bitnet: subbiah@
huxtal.]

This work would have been impossible without the
help of Dr P. J. Bjorkman, Dr W. Weis, Dr A. Mon-
dragon, Dr M. A. Saper and Professor D. C. Wiley.
This work was supported by NSF grant CHE8509574
awarded to S. C. Harrison, D. C. Wiley & M. Karplus.
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Observation of Dependent to Independent Bloch Wave Transition in Kikuchi Patterns
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(Received 4 October 1988; accepted 16 January 1989)

Abstract

The transition from dependent to independent Bloch
waves in high-energy electron diffraction theory is
demonstrated by observing the disappearance of sub-
sidiary fringes in Kikuchi patterns as the crystal thick-
ness is increased. Comparison is made between
experimental and computed Kikuchi band profiles in
Si. It is shown that the subsidiary fringes provide
a method for thickness determination in zone axis
convergent-beam electron diffraction patterns from
relatively thin crystals.

1. Introduction

Electron channelling effects have been observed in a
wide range of electron microanalytical techniques
including X-ray emission (e.g. Cherns, Howie &
Jacobs, 1973; Taftg & Spence, 1982), energy loss
spectroscopy (e.g. Tafts & Krivanek, 1982; Taftg,
1987), backscattering (Hagemann & Reimer, 1979),
secondary electron emission (Reimer, Badde, Seidel
& Buhring, 1971), cathodoluminescence (Pennycook
& Howie, 1980), Compton scattering (Williams &
Bourdillon, 1982) and thermal diffuse scattering
(Rossouw & Bursill, 1985). The feature common to
all these is that the interaction between the fast elec-
trons and the crystal is localized about the atomic
sites r,. The magnitude of the interaction therefore
depends on the electron density at the atoms [n(r,}],
and it is the variation of this quantity with orientation
that gives rise to the channelling effects. In principle,
the electron density must be calculated by taking the
modulus squared of the wavefunction, which consists

0108-7673/89/050342-05$03.00

of a sum of Bloch states ¢s"(r, ) with amplitudes £:
2
n(r,)=

(1)

Z e(j)‘l’(j)(r.c)
J

n(r,) therefore contains cross terms between different
Bloch states; in other words, (1) represents a depen-
dent-Bloch-wave result. It is well known, however,
that in thicker crystals the effects of the cross terms
diminish owing to summation over all the atoms in
the crystal (i.e. thickness integration). The electron
density is then well represented by the independent-
Bloch-wave result [for a full discussion see, for
example, Bird & Wright (1989)]

n(r) =3 ey (xR (2)

In this paper we show that the subsidiary fringes
which are observed in Kikuchi bands are a dependent-
Bloch-wave phenomenon, and that their disappear-
ance with increasing thickness provides a simple and
clear demonstration of the transition to independent
waves. The word ‘transition’ is a little misleading
here, but we use it because it has appeared widely in
the literature. In fact, the dependent-Bloch-wave
result is always correct; the independent-Bloch-wave
treatment simply becomes an increasingly good
approximation as thickness increases. We also show
that the subsidiary fringes may be used to provide an
estimate of thickness in zone axis convergent-beam
patterns (CBPs) from relatively thin crystals. The
occurrence of these fringes has been known for some
time (Uyeda, Fukano & Ichinokawa 1954}, together
with their theoretical explanation (e.g. Fujimoto &
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